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ON THE ISOSPECTRAL ORBIFOLD-MANIFOLD PROBLEM FOR 
NONPOSITIVELY CURVED LOCALLY SYMMETRIC SPACES 

BENJAMIN LINOWITZ AND JEFFREY S. MEYER 


Abstract. An old problem asks whether a Riemannian manifold can be isospectral to a Riemann- 
ian orbifold with nontrivial singular set. In this short note we show that under the assumption of 
Schanuel’s conjecture in transcendental number theory, this is impossible whenever the orbifold and 
manifold in question are length-commensurable compact locally symmetric spaces of nonpositive 
curvature associated to simple Lie groups. 


1. Introduction 

This paper concerns a problem in the inverse spectral geometry of Riemannian orbifolds. These 
orbifolds generalize the notion of Riemannian manifolds and are defined so that each point has a 
neighborhood which can be identified with the quotient of an open subset of a Riemannian man¬ 
ifold by a finite group of isometries. We will omit the precise definition of Riemannian orbifolds 
(see for instance OiE [19,01 CO) because all of the orbifolds considered in this paper belong to the 
well-behaved class of good orbifolds. 

A good Riemannian orbifold O is the quotient of a Riemannian manifold (iff, g) by a discrete 
group T acting by isometries on M. We define the space C°°(0) of smooth functions on O to be 
the space C°°(M) r of T-invariant functions on M. The Laplace operator A g of (iff, g ) commutes 
with isometries and therefore preserves T-invariance and hence the space Its restriction to 

C°°(0) is the Laplace operator (acting on functions) of O. Whenever O is compact and connected 
the Laplace operator of O has a discrete spectrum of eigenvalues 0 = Ao < Ai < • • • where 
Afc —> oo as j —> oo and where each eigenvalue occurs with finite multiplicity. Two compact 
Riemannian orbifolds are said to be isospectral if they have the same eigenvalue spectra. For a 
more thorough discussion of the spectral geometry of orbifolds we refer the reader to the survey of 
Gordon 0. 

It is natural to ask whether the spectrum detects the presence of singularities; that is, can a 
Riemannian manifold be isospectral to a Riemannian orbifold with a nontrivial singular set? While 
this problem remains open, several partial results have been proven. In dimension two, Dryden and 
Strohmaier have shown 0 that the Laplace spectra of two orbisurfaces are the same if and only if 
the length spectrum and the number of cone points of each order are the same. An application of the 
heat kernel expansion shows that an even (respectively odd) dimensional orbifold whose singular 
set contains an odd (respectively even) dimensional stratum cannot be isospectral to a manifold 
|[2l . If an orbifold with nontrivial singular set and a manifold have a common Riemannian cover 
then they cannot be isospectral JB]. A result with a similar flavor was obtained by Sutton Ifl8ll . 
who showed that if a good orbifold with nontrivial singular set and a manifold are isospectral then 
they do not admit nontrivial Riemannian covers that are isospectral. In a different direction, if one 
instead considers the Hodge Laplacian acting on p-forms in the middle degree, then it is known |f8l 
that an orbifold with nontrivial singular set can be isospectral to a manifold. We note that Rossetti, 
Schueth, and Weilandt Ifl4l have produced examples of isospectral orbifolds whose singular sets, 

l 


while nontrivial, are remarkably different. One of their examples for instance, exhibits Sunada- 
isospectral (hence strongly isospectral) orbifolds with different maximal isotropy orders. 

In this paper we will consider the setting of compact locally symmetric spaces of nonpositive 
curvature which are associated to simple Lie groups and show that under mild assumptions, an 
orbifold with nontrivial singular set cannot be isospectral to a manifold. Before stating our main 
theorem however, we set up some notation. Given a real semisimple Lie group Q with maximal 
compact subgroup /C, let X = K\Q be the associated symmetric space. If T C Q is a discrete 
subgroup then the quotient Xr = X/T is a locally symmetric orbifold which is a manifold when Y 
is torsion-free. 

We call Q simple if the complexification of its Lie algebra is simple. We call two simple Lie 
groups twins if one is locally isomorphic to SO(n + 1, n) and the other is locally isomorphic to 

Sp 2 „(»). 

Given a locally symmetric orbifold Xr, we define a geodesic on X r to be a curve that lifts to 
a geodesic on X. We note that some authors use the term geodesic to instead refer to locally 
length minimizing curves. Whereas these two notions coincide on manifolds, this is not the case 
on orbifolds flVj 2.4]. The rational length spectrum of Xp is the set 

QL(Xp) = {a\ | where a G Q and A is the length of a closed geodesic in Xr}. 

Two orbifolds X Fl and Xp 2 are length-commensurable if QL(X ri ) = QL(X r2 ). It is easy to see, 
for instance, that commensurable orbifolds are always length-commensurable. 

Main Theorem. Let Xp x = X\/Y \ and X\-, 2 = X 2 /T 2 be compact locally symmetric spaces of 
nonpositive curvature which are associated to simple Lie groups that are not twins. Suppose Xpj 
is a manifold and Xp 2 is an orbifold with nontrivial singular set, and if either of the symmetric 
spaces Xp, or Xp 2 have real rank greater than one, assume Schanuel’s conjecture in transcendental 
number theory. IfXr 2 and Xp 2 are length-commensurable then Xp, and Xp 2 cannot be isospectral. 

Recall that the work of Duistermaat and Guillemin |[4j] and Duistermaat, Kolk, and Varadarajan 
If5fl shows that the set of lengths of closed geodesics on a compact locally symmetric manifold of 
nonpositive curvature are determined by the manifold’s Laplace spectrum (see also lfl3l Theorem 
10.1]). Were this result to be extended to compact locally symmetric orbifolds of nonpositive 
curvature, our lMain Theorem] could be strengthened in that the assumption that Xpy and Xp 2 are 
length-commensurable could be removed. 

The trace formula of Duistermaat and Guillemin 0| has in fact been extended to the orbifold 
setting Ifl7iri5|] . However, the Maslov indices appearing in the orbifold trace formula do not have 
a variational interpretation as in the manifold setting, where the Maslov index of a closed geodesic 
is equal to its Morse index in the space of closed loops and hence is zero when the manifold in 
question has nonpositive curvature. In particular it is not known whether or not they are all zero in 
the context of this paper. This prevents one from concluding that the eigenvalues of the Laplacian 
determine the set of lengths of closed geodesics on a compact locally symmetric orbifold of non¬ 
positive curvature. 
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2. Proof of Main Theorem 


We now prove our IMain Theoreml We will do so by contradiction. To that end suppose that 
X ri and Xr 2 are isospectral. By Selberg’s lemma there exists a finite index, torsion free subgroup 
V 2 C T 2 . In particular Xr^ is a finite degree manifold cover of Xr 2 . A consequence of this is that 
the manifolds X^ an d X^ are length-commensurable. 

In IIT31 Cor. 8.14], it was shown that length-commensurability of Xr x and Xp^ implies a techni¬ 
cal algebraic condition called weak commensurability relating the lattices Ti C Gi and V 2 C Gi- 
This implication is unconditional when rank(Xr 1 ) = rank(Xp 2 ) = 1, but for higher rank is condi¬ 
tional upon the truth of Schanuel’s conjecture. The precise formulation of this condition requires 
realizing our Lie groups as the real points of algebraic M-groups and we refer the reader to Ifl3l 
Def. 1.1] for details. 

We now show that weak commensurability of lattices determines the local geometry of their 
corresponding locally symmetric spaces. 

Theorem 2.1. Let G\ and Gi be nontwin, noncompact, simple, semisimple Lie groups with trivial 
centers and letTi C Gi and V 2 C G 2 be weakly commensurable lattices. Then Xp 2 and Xp*, have 
isometric universal covers. 

Before we can prove this theorem, we will need a technical lemma. Let g and £ denote the Lie 
algebras of G and /C respectively and let g = £ © a © n be an Iwasawa decomposition. The R-rank 
of G, denoted rankft(^), is the dimension of a. It is well known that rank(X), the dimension of a 
maximal flat in X, is equal to rank K ((?). 

Lemma 2.2. Let G 1 and G> be connected, noncompact, simple, semisimple Lie groups and let Xi 
and X2 be their associated globally symmetric spaces. Then Xi and X2 are isometric if and only if 

(51) rank(Xi) = rank(X 2 ), 

(52) gi ©r C and Q 2 ©e C are isomorphic as complex Lie algebras, 

(53) and, in the case that gi ©r C and g 2 ©r C are either both isomorphic to sf n (C) or both 
isomorphic to scRnfC), £1 and £ 2 are isomorphic as real Lie algebras. 

Proof. If Xi and X 2 are isometric, it follows that Gi/Z(Gi) and G-i! ZiG-)) are isomorphic, where 
Z(Gi ) denotes the center of Gi- Properties (S1)-(S3) readily follow. Now suppose properties (S1)- 
(S3). By [jTOl Cor. VI. 1.3 ], its suffices to show that gi and g 2 are isomorphic as real Lie algebras. 
By the remarks after iflOl Thm. 6.2], (SI) and (S2) imply this result in all cases except when 
gi ©r C and g 2 ©r C are either both isomorphic to s( n (C) or are both isomorphic to so 2n (C). In 
this case, (S3) together with IflOl Thm. 6.2] imply the desired result. □ 

Proof of Theorem 1X71 In light of |[T3l Theorem 1] and [|6j Theorem 1.2], weak commensurability 
of T1 and T' 2 implies either gi © K C and g 2 ©r C are isomorphic as complex Lie algebras or Gi 
and G 2 are twins. By our assumption, we may assume the former. Suppose that one of the lattices 
is arithmetic. By [fl3l Theorem 7] both are arithmetic. By llT3l Theorem 6], the Tits index of the 
algebraic M-groups associated to these two groups are the same, hence rank R (f/i) = rank R (C/ 2 ), 
from which it follows rank(Xi) = rank(X 2 ). In the two cases of (S3), the Tits index determines 
the isomorphism classes of £1 and £ 2 and hence by Lemma 12.21 the result holds. Now suppose 
neither lattice is arithmetic. By the results of [flTfl and fl9j], and the observation that g x © R C and 
02 ©e C are isomorphic, either G\ and G> are both locally isomorphic as Lie groups to SU(n, 1) or 
are both locally isomorphic as Lie groups to SO (n, 1). In either case, the result holds. □ 
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In particular this shows that the universal covers of Xri and Xr 2 are isometric. The proof of our 
IMain Theoreml now follows from Proposition 3.4 of (8), which implies that Xr 1 and Xr 2 cannot 
have a common Riemannian cover and in particular have nonisometric universal covers. 

Remark 2.3. Theorem 12. II is a rigidity result, which, when restated in the language of algebraic 
groups, can be viewed as a weakening of the assumptions of Mostow-Prasad rigidity IIT21 Theorem 
B] from isomorphic lattices to weakly commensurable lattices. As this formulation may be of 
independent interest, we state it here. 

Theorem 2.1. (Algebraic Group Reformulation). Let Gi and G 2 be connected, M- isotropic, 
absolutely simple, semisimple, algebraic M-groups whose R-points are not twins. //Ti C G | (M) 
and r 2 C G 2 (M) are weakly commensurable lattices then Gi and G 2 are M- isomorphic. 
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